Metro networks serve as good examples of traffic systems for understanding the relations between geometric structures and transport properties. We study and compare 28 world major metro networks in terms of the Wasserstein distance, the key metric for optimal transport, and measures geometry related, e.g. fractal dimension, graph energy and graph spectral distance. The finding of power-law relationships between rescaled graph energy and fractal dimension for both unweighted and weighted metro networks indicates the energy costs per unit area are lower for higher dimensioned metros. In L space, the mean Wasserstein distance between any pair of connected stations is proportional to the fractal dimension, which is in the vicinity of our theoretical calculations treated on special regular tree graphs. This finding reveals the geometry of metro networks and tree graphs are in close proximity to one another. In P space, the mean Wasserstein distance between any pair of stations relates closely to the average number of transfers. By ranking several key quantities transport concerned, we obtain several ranking lists in which New York metro and Berlin metro consistently top the first two spots.
Public transportation networks are crucial for cities. In mega cities metro networks are major parts of transportation on which most city inhabitants rely for daily mobility. It is therefore vital to evaluate the overall transport performance of metro networks. Most related attempts focused on optimal routes design which turned this problem into an engineering one aiming at the optimization of multi-objective tasks. For instance, Mandl [1] considered three separate problems, assignment of passengers to routes, assignment of vehicles to routes and finding the vehicle routes in a given network. Yeung et al [2] derived a simple and generic routing algorithm capable of considering all individual path choices simultaneously, which has been tested on London underground network. So far little attention has been paid to a comprehensive, empirical study of performance of worldwide major metro networks (MNS) by comparing the geometry features at the system level. This is exactly the main target of our project.
In this report, we examined 28 major MNS worldwide (see supplementary materials (SM) for the complete list and the sources of data) to study the relations between geometric structures and transport properties. We present for MNS empirical measurements of (i) fractal dimension, (ii) graph energy and graph Laplacian energy, (iii) graph spectral distance, and (iv) the Wasserstein distance. Further analysis of the above measures yields for MNS (I) the power-law scaling between the energy (or Laplacian energy) per unit area and the fractal dimension, with lower energy (costs per unit area) for higher dimensioned networks, (II) the scaling between the Wasserstein distance and the fractal dimension, which is in the vicinity of the theoretical curve based on special regular tree graphs, and (III) the phylogenetic network which suggests the geometric kinship among different MNS.
These findings lead to several rankings of key quantities transport related in which New York metro and Berlin metro consistently top the first two spots.
Our data samples were taken from official websites of MNS. We considered both unweighted metro networks (UMN) and weighted metro networks (WMN). Defined on edges, the weight w AB of a given edge AB is the number of different metro lines which pass through stations A and B. Our key results were obtained in L space, so was our main discussion. The sole quantity of interest in P space is the Wasserstein distance [3]. We present the values of topological quantities such as the average degree k , the clustering coefficient C, and the average number of transfers A T etc. in Table S1 To have a better understanding of the geometry of the MNS, the spectral graph theory [8] [9] [10] [11] [12] [13] [14] and the graph energy theory [15] [16] [17] [18] were applied to our data. The former is an elegant application of differential geometry methods to discrete spaces and mainly deals with the spectra of eigenvalues of matrices topology concerned, such as adjacency matrix A and Laplacian matrix L (see SM). For a graph G with N vertices, the energy E is defined as
where
way as
where µ i (i = 1, 2, . . . , N ) is i-th eigenvalue of L of G, and k is the average vertex degree of G. We studied E and E L for both UMN (Fig. 1) and WMN (see SM). We only discussed the energy of UMN as similar analysis can be applied to WMN.
The first and also the major finding is the striking scaling between the rescaled energy E/N D and D
(see Fig. 1a ), as well as the scaling between the rescaled Laplacian energy
(see Fig. 1b ). The second finding is that E and E L are almost identical (the two only differ slightly in scales) in describing the energy of a graph (Fig. 1c) . Therefore we only focus on one of them, say E. The third finding is that both E and E L scale as N (Fig. 1d) . we employed the Wasserstein distance [19, 20] , the key metric in optimal transport theory. Consider two probability measures µ and ν, with supports {x 1 , x 2 , . . . , x n } and {y 1 , y 2 , . . . , y m } respectively. Then the Wasserstein distance between µ and ν is defined as
where c(x, y) is the cost of transporting one unit of mass from point x to point y, and ξ is a transfer plan between its margins µ and ν.
We calculated the Wasserstein distances for the MNS in both L space and P space. In L space, we calculated the mean values of W 1 (x, y), denoted by W L 1 , between any pair of stations which are directly connected.
In principle, one can also calculate the mean values of W 1 (x, y) between any two stations within the system. But as W 1 (x, y) is a quantity for measuring the local geometric structure, W 1 (x, y) for nodes further away does not significantly relate to the transport properties. We found a scaling of W L 1 versus D, with larger distance for higher dimension (Fig. 2a) . The largest W L 1 comes from New York, being 1.2880, and the smallest one comes from Melbourne, being 1.0653.
As for most MNS the mean degree k approximates 2, it is then natural to relate MNS to tree graphs. For the sake of calculation, we consider a special class of homogeneous tree graphs, in which W L 1 , D and their relationship
can be exactly obtained (see SM). In Fig. 2a , it can be seen that the theoretical curve for regular trees of interest is close to the empirical results by using our data. This observation confirms again the similarity in geometry between tree graphs and the MNS. We also notice that for most MNS, the empirical data points are below the theoretical values. This means that for any given D, the MNS have better transport properties than the homogeneous trees constructed by having smaller W , those nonleaf edges play the main role. However the fraction of non-leaf edges in the whole edge set of a homogeneous tree will decrease very quickly as D or k becomes very large. Hence when D is large enough, this decreasing of the fraction of non-leaf edges will balance the increasing of the Wasserstein distance. Therefore, we observe a peak in the theoretic curve.
In P space, W P 1 was calculated between any pair of stations. It is shown in Fig. 2b that W P 1 is linearly proportional to the average transfer A T , which is rather straightforward. As known in P space, a single line is a complete subgraph. Therefore, W 1 (x, y) between any two stations pertaining to the same line is simply 1 according to its definition. For two stations which do not belong to the same line, the number of transfers shall concern in calculating W Intuitively we know that the MNS are all somewhat unique in geometric structures. But to quantitatively justify such differences we shall resort to specialized techniques in graph spectra theory. We have obtained graph spectra for all the MNS (see Fig. S10 of SM for examples). If one compares the spectra of Berlin metro and Paris metro, the gap is big. But when it comes to the spectra of Beijing metro and Berlin metro, these two are quite similar. To capture the distinctions, the spectral distances based on the normalized Laplacian were calculated and grouped, for the phylogenetic reconstruction [21] , aiming at identifying the relationships in geometric structure of the MNS. The quality of this reconstruction strongly depends on the distance matrix. The phylogenetic network of the MNS is shown in Fig. 3 . As seen, most of the MNS in European cities are clustered, indicating the geometry kinship of these networks. The MNS in Guangzhou, Shanghai, Shenzhen and Beijing are close to each other, which manifests the proximity of designs of these metros. Fixing a certain metro, say New York, one can roughly estimate from the phylogenetic tree which of the rest metros is the closest, the next closest and the next to the next closest, so on and so forth. The list then goes like this: New York→Milan→Berlin. . . We now compare the key quantities for all MNS to obtain a series of ranking lists. For any given metro network, if the ranking orders for different quantities are consistent, then the ranking lists can be used to evaluate the transport properties of the network of interest. For UMN, the ranking lists are 
